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- - - Abstract. We show that under a certain condition the graded Chow rings of two birational 

C'l , irreducible symplectic varieties are isomorphic. This lifts a result known for the cohomology 

'""' i algebras to the level of Chow rings, despite of the non-injectivity of the cycle class map. In 

^^J ' the special case of general Mukai flops, we present an alternative approach based on explicit 

Cn \ calculations. 

u 

J^' 1. Introduction 

I An irreducible symplectic variety or algebraic hyperkahler manifold is a simply connected, non- 

^O ' singular, complex projective variety with a nowhere degenerate two- form a generating H'~'{X, ^x)- 

Two important series of examples are provided by Hilbert schemes of points Hilb"(5) on a K3 
surface S and generalized Kummer varieties Kn{A) associated to an abelian surface A. 
rn I Huybrechts showed in |Huy99[ Theorem 4.6] that any two birational irreducible symplectic 

varieties X and X' admit one-dimensional (not necessarily projective) deformations ^ and ^', 
which are isomorphic away from the special fibre. Under a mild technical condition (f ) on X and 
X' (see Section [2T|) . these families indeed exist as algebraic varieties. 
C^ I The main result of this article is the following: 

Theorem 12.61 Let X and X' be birational irreducible symplectic varieties satisfying (|). Then 
there exists a correspondence [Z]^ : CH(X)-^> CH(X') which is an isomorphism of graded rings. 

^ . Consider families ,S^ and ^' as above and let Z be the limit of the graphs of isomorphisms 

^ ; Jft^S"/. Then [Z] is known to yield an isomorphism [Z]f : H*{X,Z)^H*{X' ,1) of graded 

^*l ■ rings (cf. Section [^^ . Using the cycle class map, one could try to deduce Theorem 12.61 from this 

tH- \ statement. However, the kernel of the cycle class map CH(X) — ;> H*{X,Z) is very big. Already 

l' ■ for a K3 surface it is infinite dimensional, due to the classical result of Mumford |Mum69| . 

f— ^ I Instead, we use specialization for Chow rings in families to prove multiplicativity and invertibility 

ff^ ■ of [Z], directly (cf. Section \T^i . 

As an application of Theorem l2.61 we study questions related to the Bloch-Beilinson conjecture, 

which was in fact our original motivation. We first observe that the termination of the conjectural 

-■-J ^ Bloch-Beilinson filtration is invariant under birational correspondences satisfying (f). Secondly we 

r> ■ study conjectures of Beauville (see |Bea07| ) and Voisin (see |Voi08| ) predicting injectivity of the 

j3 I cycle class map on certain subalgebras of the Chow ring. Beauville proves the invariance of his 

■ ■ ■ conjecture under elementary Mukai flops. By means of Theorem 12.61 we extend this to: 



< 



Proposition 13.31 The conjectures of Beauville and Voisin are both invariant under birational 
correspondences satisfying condition (|). 

The most fundamental examples of birational correspondences between irreducible symplectic 
varieties X and X' are provided by general Mukai flops. In this case one can fix families ^ and J?^' 
as above and explicitly determine Z. Thus computing the action of [Z]^ provides an alternative 
approach to Theorem 12.61 In order to demonstrate that even in this fundamental case the result 
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2 U. GREINER 

is non-trivial, we will show the multiplicativity of [Z]^ in this case by explicit computations. This 
will take up all of Sections U] and [Sj 

Still in the case of general Mukai flops, the last section relates Theoreni l2.6l to a known result on 
derived categories and Grothendieck groups. Namikawa proved that the Fourier-Mukai transform 
$0z ■ D''(-^) — >■ D''(X') is an equivalence of categories (cf. [Nam03[ Theorem 5.1]). We show 
that the induced map ^Sg^) : CHq(X) — > CHq(X') coincides with [Z]^ and thus deduce that 
$j^ , : K{X) ® Q -> K{X') (g) Q is an isomorphism of graded rings. Note that this multiplicativity 
is not reflected on the level of derived categories, since $0^ is not compatible with the derived 
tensor product (cf. |Bal02| ). 

Acknowledgements. I wish to thank my advisor Daniel Huybrechts for his support. Sections 2] 
and [5] are part of the authors diploma thesis. 

2. Main theorem 
In this section we state and prove Theorem 12.61 which is the main result of this article. 



2.1. Notation and formulation of the theorem. Throughout the article we will denote by 
CH(X) the Chow ring (with integral coefficients) of a nonsingular quasi-projective complex variety 
X, whereas the Chow ring with coefficients in Q will be denoted by CHq. By "complex variety" 
we refer to a separated integral scheme of finite type over C. 

Consider two birational irreducible symplectic varieties X and X'. We say X and X' satisfy 
the condition (f), if the following holds: 

(t) The varieties X and X' are either connected by a general Mukai flop (cf. Section 15. ip 
or isomorphic in codimension two (i.e. there exist isomorphic open subsets U C X and 
[/' C X' with codimx(X \ C/), codimjf'(X' \ U') > 3). 

Remark 2.1. We emphasize that this is a rather weak condition. In fact, every birational corre- 
spondence is expected to be a composition of general Mukai flops in codimension two and birational 
correspondences which are isomorphisms in codimension two. 

The following proposition is an algebraic version of |Huy97[ Theorem 3.4 + Theorem 4.7]. It is 
essential for many of the proofs. 

Proposition 2.2. Let X and X' satisfy the condition (f). Then there exist algebraic varieties 
S(y and 2^' over T (T smooth quasi-projective one- dimensional variety), and a closed point G T 
such that 

(a) X{) — X and ,%'q = X' , and 

(b) there is an isomorphism '5 : =^t\{o} — '^T\fo\ '''^s'" ^^ ^• 

The original proofs for |Huy97| Theorem 3.4] and |Huy97[ Theorem 4.7] can be adapted to the 
algebraic setting. 

Remark 2.3. In the following, any statement we formulate for X and X' satisfying (f ) is in fact 
already true mider the condition that families ^ and ■^' as in Proposition 12.21 exist . 

Remark 2.4. In the non-algebraic setting the condition (f ) can be dropped (cf. |Huy99[ Theorem 
4.6]). However, the proof is not applicable to the algebraic setting. 

Fix the following notation for the rest of the article: 

Notation. Denote the generic point of T by 77. The generic fibres of ^ and ^' are consequently 
denoted by J?^ and ^' respectively. Then ^ restricts to an isomorphism ip : ^^ -^ ^'. Let F be 
the graph of 1/', and F C ^ xt X' be its closure. Finally, define Z C X x X' as the special fibre 
of F and denote the associated class in CII(X x X') by \Z\. 

Let q and q' be the projections from X x X' io X and X' respectively. 
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Definition 2.5. Define [Z], : CH(X) — > CH(X') as the correspondence with kernel [Z], i.e. as 
the map given by [Z]^,{a) := q'^{[Z].q*a) for aU a G CH(X). 

We can now state the main result of this article, which is new even for the case of elementary 
Mukai flops: 

Theorem 2.6. Let X and X' be birational irreducible symplectic varieties satisfying the condition 
(I). Then the map [Z]^ : CH(X) -^ CH(X') is an isomorphism of graded rings. Its inverse is the 
correspondence [Z]'^ : CH(X') — !> CH(X) with kernel [Z] in the opposite direction. 

The proof of this theorem is given in Section 12.41 

Remark 2.7. It should be possible to prove Theorem 12.61 without assuming (f) by working with 
the generic fibre of a formal deformations as in |HMS11| . However, as it is expected that every 
birational correspondence is either an isomorphism in codimension two or described by a general 
Mukai flop, we refrain from doing this. 

Instead of Z, one could consider A C X x X', where A is the graph of a birational isomorphism. 
However, the map [Al is not multiplicative in general. 

2.2. Theorem 12.61 in cohomology. Before proving Theorem l2.6l we discuss the analogous state- 
ment in cohomology. 

For the purpose of this subsection it is enough to work in the more general setting of (not 
necessarily projective) complex manifolds. 

Let X and X' be birational compact hyperkahler manifolds. Then by |Huy03[ Theorem 2.5] there 
exist deforming families of complex manifolds J?^ and ^' satisfying the conditions of Proposition 
12.21 Define Z as above and let [Z] G H*{X x X') be the cohomology class of the analytic cycle 
Z. This induces a correspondence [Z]^ : H*{X,Z) — >■ H*{X','L). The analogous statement to 
Theorem 12.61 on the level of cohomology is: 



Lemma 2.8 (cf. |Huy03[ Corollary 2.7]). The map [Z]f ; H*{X,Z) -^ H*{X',Z) is an isomor- 
phism of graded rings. 

Proof. This follows from Ehresmann's Theorem (see e.g. |Voi07l Theorem 9.3]), since the cycle [Z] 
is by definition the limit cycle of the graphs of the isomorphisms ^ = ,^' for t y^ 0. D 

2.3. The specialization map. Let us fix the notation for the specialization maps. Let T be a 
smooth quasi-projective one-dimensional variety and 77 be its generic point. Let tt : ^ — > T be a 
smooth morphism of varieties. Fix i e T. There is a commutative triangle: 

CH(^) 




CH(^^) ^ > CH(^t) , 



where st denotes the restriction to ^ (which coincides with the specialization map of |Ful84[ 
Chapter 10.1]). On the level of cycles, r^ is defined as the restriction to the generic fibre and a as 
the composition of taking the closure in W and restriction to ^. The map a is called specialization 
map. Commutativity of the triangle and compatibility of r^ and a with rational equivalence may 
be checked explicitly. 

All three maps are compatible with the intersection product, pull-back, proper push-forward, 
and taking Chern classes. 

By slight abuse of notation, we will not keep the family ^ in the notation, but use the symbols 
r^, St, and a for various families. 
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2.4. Proof of Theorem 12.61 In order to prove the theorem, one needs to show: 

• (Compatibility with graduation): The map [Z], respects the grading of the Chow rings, i.e. 
[Z],.{CR''{X)) CCH'=(X'). 

• (Invertibility) : The maps [Z], and [Z]'^ are inverse. 

• (Multiplicativity): The map [Z]* is muhiphcative, i.e. for all a,l3 d^ CH(X) the equality 
[Z],{a).[Z]4j3) = [ZUa.(3) holds. 

The compatibility with the graduation follows from the fact, that Z is of pure dimension dim(X). 
Proof of invertibility. By symmetry of the situation, we only need to show that [Z]'^ o [Z] * = id. The 
map [Z]'^ o [Z], is the correspondence with kernel ao :— Wxx*{[^ ^ -'^l-i-'^ ^ ^]) ^ CH(X x X), 
where prxx : CH(X x X' x X) — > CH(X x X) is the projection to the first and third factor 
(cf |Ful841 Section 16.1]). We will show that ao = [^x], using the existence of families as in 
Proposition 12.21 and the specialization map (cf Section I2.3P . 

Let JT and ^' be families as in Proposition 12.21 and keep the notation of Section I^TTl Consider 
the cycle 

a:^pT^-^-^{[TxT3:^].[3r XtT]) e CH(jr Xt ^). 

Its restriction to the generic fibre is a,, := ^r/ct) = P^s: sc (P ^fe(j?) ^ri\\^r] >^k(ri) T]) S 
CH(^^ X;j(^) <^). Using the fact that F is the graph of an isomorphism, this can explicitly 
be determined as: a,, = [^i^,,]- 

Since, moreover, the restriction of a to the special fibre is so(q:) = ao, this allows us to conclude: 

ao = so{a) = cr(a,,) = cr([A,arJ) = [Ax], 

thus proving the invertibility of [Z] * . 

Proof of multiplicativity. Let A3 <Z X x X x X he the small diagonal, i.e. the image of the natural 
inclusion X ^^ X x X x X and denote the small diagonal in X' x X' x X' by A3. Consider the 
following diagram: 

CH(X) X GR{X) '^'' "" '^') CH(X') X CH(X') 

X 

CH(X X X) ^^J^3l ^ CH(X' X X') 



[A 



31 



[a;,] 



CH(X) — > CH(X') . 

We will show the following: 

(a) The composition [A3], o x coincides with the multiplication and the same holds for [A3], o x, 

(b) the upper rectangle is commutative, and 

(c) also the lower rectangle is commutative. 
Together, this proves the proposition. 

Proof of ^. Since the correspondence with kernel [A3] is just pulling back to the diagonal, this 
follows from the reduction to the diagonal (see |Har77l p. 427]). This also holds for [A3], o x. 

Proof of 0). Use functoriality of x (see |Ful84[ Proposition 1.10]) to check this explicitly. 

Proof of ^. We will apply similar methods as for the proof of the invertibility of [Z],. Let 
P124 : X X X X X X X' ^ X X X X X' he the projection to the first, second, and fourth factor, 
and P125 : X X X X X' X X' X X' ^ X X X X X' he the projection to the first, second and fifth 
factor. Then [Z], o [A3], is the correspondence with kernel ao :— Pi24*([A3 x X'].[X x X x Z]) 
(see |Ful84i Chapter 16.1]), and analogously [A3], o [Z x Z], is the correspondence with kernel 
/3o :=Pi25*([^ X Z x X'].[X xXx A^). 

Consider families ^ and ^' as in Proposition l2.2l and keep the notation of Section EJ] Denote 
by A^3 the small diagonal in ,9^ Xt ^ Xt S^ and by A' 3 the small diagonal in ^' Xy ^' Xt ^' ■ 
Then ao is the specialization of the cycle a :— _pi24*([A,,3 Xt ^'].[^ Xt ■!%' Xt F]) and /3o is the 
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specialization of the cycle /3 := pi25*([r x^F ^t^\\^ Xt 2^ Xt ^Iis])- Here, P124 and P125 are 
similar as before. 

It is thus enough to show that r^-^io) coincides with rnijS). Let E be the image of the map 
a^n — ^ S(^r] Xfe(i)) ^ri ^k(ri) =^'i which is induced by the identity in the first two factors and the 
isomorphism ^, = ^' in the last factor. Observe that: 

r^(a) =pi24*([A^3 Xi,(^) jr^'].[^^ Xk(n) ■^v ^fc(jj) T]) 

= [S] =Pl25*([r Xk(n) r Xj,(^) ^^].[jr^ Xki-n) ^T] Xk{rj) ^^3]) 

This concludes the proof of multiplicativity and thus the proof of Theorem l2.6l D 

3. First applications 

In this section we give first applications of Theorem 12.61 We relate it to the conjectural Bloch- 
Beilinson filtration and apply it to Beauville's conjecture on the weak splitting property and Voisin's 
generalization. 

Throughout this section, we will always work with the rational Chow rings CIIq(X). 

3.1. Application to the Bloch— Beilinson filtration. In contrast to the cohomology ring of a 
variety, the Chow ring is not well understood. While the Hodge conjecture predicts the image of 
the cycle class map 

its kernel is still rather mysterious. 

The Bloch-Beilinson conjecture predicts for arbitrary smooth projective X the existence of a 
descending filtration 

C%{X) = F° C4(X) D . . . D F'^+i CH^(X) - , 

which is functorial, compatible with multiplication, and satisfies F^ CHq(X) = ker(cjs:). There are 
various candidates for such a filtration. For a discussion of this topic we refer to |Jan94[ p. 245 ff.]. 
Now consider X and X' satisfying the condition (f) (see Section [^?T]) and a functorial candidate 
F^ for the filtration. As an immediate consequence of Theorem 12. 6[ one observes F* CHq(X') = 
[Z]^{F^ CH^(X)). In particular, F''+^ CH^(X) == if and only if F'^'+i CH^(X') = 0. 

3.2. Application to conjectures of Beauville and Voisin. The original motivation for this ar- 
ticle was to generalize [Bea07. Proposition 2.6]. In this subsection we present such a generalization 
deducing it from our previous results. 

Let X be a nonsingular complex projective variety. In |Bea07) Beauville defines DCH(X) C 
CIIq(X) as the subalgebra generated by divisor classes. Then X satisfies the weak splitting property 
if the restriction of the cycle class map to 

BGR{X)^H*{X,Q) 

is injective. This notion was inspired by the fact that for a simply connected X the weak splitting 
property is satisfied, if its Bloch-Beilinson filtration splits (i.e. comes from a ring graduation 
FP C4(X) = e^tp F^ CH^(X)). 

Beauville formulates the following conjecture: 

Conjecture 3.1 ( |Bea07| ). An irreducible symplectic projective variety satisfies the weak splitting 
property. 

A stronger version of this conjecture was formulated by Voisin in |Voi08| : Define R{X) C 
CHQ(Ar) as the subalgebra generated by CHq(X) together with {ci(Tx)}ieN ■ 

Conjecture 3.2 ( |Voi08[ Conjecture 0.3]). For any irreducible symplectic complex variety X the 
restriction cx\r,jy^ ■ RiX) ^^H*{X,Q) of the cycle class map to the subalgebra R{X) is injective. 
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For K3 surfaces S the subalgebras DCH(S') and R{S) coincide, and the conjectures are known 
to be true in this case (see [B V04) V 

Furthermore, BeauviUe proves in |Bea07| that for any K3 surface S the Hilbert schemes Hilb^(5) 
and Hilb^(S') satisfy the weak sphtting property. In |Voi08| . Voisin extends this resuh by showing 
that Hilb"(S') aheady satisfies Conjecture 13.21 li n < 2b2{S)tr +4. Here, b2{S)tr denotes the rank 
of the transcendental lattice of S. 

Beauville shows f |Bea07l Proposition 2.6]) that the weak splitting property is invariant under 
elementary Mukai flops (cf. Section ISTTj) . By means of Theorem 12.61 we can generalize this to 
more general birational correspondences satisfying (f ) on the one hand, and to the more general 
conjecture of Voisin on the other hand. At the same time, the proof below is simpler than the one 
in [Bea07| . as it does not make any use of the multiplicative structure of the cohomology of an 
irreducible symplectic variety. 



Proposition 3.3. Conjecture \3.1\ and Conjecture \3.2\ are both invariant under birational corre- 
spondences satisfying condition (|) (see Section \2.1\l : i.e. for X and X' satisfying condition (f), 
the restriction cx\p,r^TTi y^ is injective if and only if cx'\y.(^y,,Y,\ ^s, and the same holds for cx\r>(x)- 

The following facts will be useful for the proof: 

Lemma 3.4. If X and X' satisfy condition (f), then [Z]*(ci(Tx)j — Ci(Tx') for any i eN. 

Proof. Let once again ^ and ^' be families as in Proposition 12.21 and keep the notation of 
Section [^?T] Consider the cycle a := [r]*(ci(T^|x)) G CH(^'). Its restriction to the special fibre 
is [Z]^,(^Ci{Tx')). Now, one only needs to observe: 

a^ := r,,{a) = [T]^{c^{Tx^\k{ri))) = c,{Tx^\k{v))- 
Application of the specialization map concludes the proof. D 

For later use, note that this immediately implies: 

Corollary 3.5. If X and X' satisfy condition (f), then [Z]^{td{X)) =td(A'). □ 

Lemma 3.6. Let X and X' satisfy condition (|). Then [Z], restricts to isomorphisms [Z]* : 
DCH(A:)^DCH(X') and [Z]^ : R{X)^R{X'). 

Proof. The first part is an immediate consequence of Theorem 12.61 The second part follows from 
Lemma 13.41 D 



Proof of Proposition \3.S[ The isomorphisms of Lemma 13.61 complete the following commutative 
diagram: 

dch(a:) — ^^ dch(a:') 

X . ^ 

R{X) = > R{X') 

i _ i 

CH(A) ^^^ > CH(X') 



H*{X,<^)-^H*{X'M ■ 
Proposition 13.31 follows immediately. D 

4. General facts on Chow rings 

For most of the rest of the article, we will present an alternative proof for the multiplicativity 
of [Z\^, in the case of general Mukai flops. In this special case, one can make explicit calculations 
in the Chow rings. While it is interesting to see that it can be done, the proof is much more 
intricate without the use of families as in Proposition 12.21 This indicates that even for these most 
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fundamental examples of birational transforms between irreducible symplectic varieties, Theorem 
12.61 is a non-trivial result. 

For the convenience of the reader and to fix notations we recall some standard results on Chow 
rings of projective bundles and blow-ups in this section. All results can be found in or deduced 
from jFul84| . 

4.1. On the Chow ring of projective bundles. This subsection recalls statements on the Chow 
rings of projective bundles. In particular, we express the Chern classes of their relative cotangent 
bundle explicitly. 

Let 5' be a nonsingular quasi-projective complex variety, F a locally free sheaf on 5, and vr : 
P(F) := Proj ( Sym(F ^)) -> S the natural proper projection. 

Lemma 4.1. The Chern classes of the relative cotangent bundle of¥(F) are given by the following 
formula: 

q(%f)|5) = (-ly'E ('^^^\r^)vr*(c,(^)).(ci(Op(^)(l)))^-^ 

Proof. Use the Euler sequence: 

(4.1) 0-^f7p(f)|5^vr*(F^)(-l)^Op(f)^0, 

and multiplicativity of Chern polynomials (ct(^) :— ^ Ci{^) t*) to get 

ct{nriF)\s) - ctiiT^F") ® Or(F){-l))- 
Then use that for any line bundle ^: 



(4.2) c,i^^.^)^J2('^^fJ- ^)c,(^)-(ci(^))' 



(see |Ful84[ Example 3.2.2]). D 

The following fact will be needed several times. 

Lemma 4.2. Let still tt : P{F) -^ S be a projective bundle over S and Op(i?)(l) be its relative 0(1) 
with respect to the bundle structure F. Then: 



7r*((ci(0p(f)(l)))' 



'O forfc<rk(F)-l 

= < Is for fc == rk(F) - 1 

-ci(F) forfc = rk(F) 

Proof The statement for k < rk(i^) - 1 holds because CH'^'"'''''^^+^(5) == 0. 

For k = rk(F) — 1, by definition of the Segre class it is enough to show Is = so{F) n Ig. This 
follows from [Ful84' Proposition 3.1.(a).(ii)]. 

Finally the case k — rk(i^) follows from the previous ones, by applying tt, to the following 
identity (c.f. |Ful84[ Remark 3.2.4] together with |Ful84[ Theorem 3.2.d]): 

rk(F) 

^7r*c.(i^).(ci(Op(^)(l)))*^^^-^ = 0. 

n 

In the later calculation an explicit expression for still another Chern class is needed: 
Lemma 4.3. The following equality holds: 

i 

Q(fip(f)|sS5 0p(f)(l)) = Y. (-l)™ci(0p(f)(l))".7r*(c,_,„(F^)). 
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Proof. The proof is an application of (j4.2p , Lemma 14.11 and the following result on binomial coef- 
ficients: D 

Claim 4.4. Fix r G N. For any < k < i < r, the following identity holds: 



-k f'^ -Afr + l- k 
Proof. Introduce a notation for the left hand side: 



B-i)-t;:.,ji;'r)-'-')*" 

j—k 



Then check directly that T^j, = (—1)'"+'^. To conclude the proof it is enough to show that for 
i < r the equality TLi j, i j^ = T[i^ holds. This can be done by a computation, using the relations 
between binomial coefficients several times. D 

4.2. On the Chow ring of a blow-up. Let X be a nonsingular quasi-projective complex variety. 
Furthermore, let P be a closed subvariety of codimension r in X , which is also nonsingular. Let 
the following be the diagram of a blow-up: 

E' — - — ^X 

X V 

P ' ' > X . 

In this situation the blow-up X of X along P is known to be nonsingular and the exceptional 
divisor E is isomorphic to P{Np\x)- Let W := r]* {Np\x)/ Or iNp^x)i-'^) ■ 

The following proposition provides the most important facts on the Chow ring of a blow-up. 
For proof see |Ful84[ Proposition 6.7]. 

Proposition 4.5. With the notation introduced above: 

(a) (Key Formula). For all 7 £ CH(P), 

^*i*{l) = j*(cr-i(#').77*(7)) 

mCH(X). 

(b) For all a e CH(X), ip.,ip*{a) = a. 

(c) Ife€ CH(£:) and rj^s) = = j*j*{s), then e = 0. 

(d) There is a split exact sequence of ahelian groups: 

> CH(F) — ^ CH(£;) e CH(X) -^-^ CH(X) > 

with f{'y) = (cr_i(#').?y*(7), — i*(7)) and g{e,a) — j^{e) + (p*{a). A left inverse for f is given 
by {e,a) h-^?7*(e). 

Furthermore, the following lemmas will be used in later proofs. 

Lemma 4.6. One has ri^,{cr~i{'^)) = Ip. 

Proof. Applying Lemma 1131 to ^ = (riii.(^^|^-)|p (g) Op(^^|^)(l)) ^ yields the equality 

r-l 
(4.3) C,_i(5r) = (-l)'-l E(-1)"(^1(0P(A^P|X)(1))) ■V*{cr-l-m(Np\x'')). 

The result thus follows by Lemma l¥^ D 

Lemma 4.7. Let a £ CH(X) with (/3*(q;) = 0. Then there exists a unique element e G Gii{E) 
satisfying a — j*{s) and 77* (e) = 0. 
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Proof. By Proposition 14. 5ld1 there exist elements e' £ CH(_E) and a e CH(X) with a — j^,e' + (p*a. 

Applying ip^, one obtains: (p^,{&) = ^*{j*^' + ¥'*«) — '^*j*s' + <~p*<~p*a '= i^rj^e' + a. 
By assumption, ip^{a) ~ and therefore a — ifri^{—e'). One obtains: 

(4.4) ip*ia) = ip*t.v*i-e')^^^J.[cr-i{W).v*{r,,{^e'))). 

Set e := e' - (c^_i(#').77*(r/,(£')))- Then a = j,e' + ip*a ^ j,(e) and 

r?,(£) * = ^ 7?,(e') - T^,{cr-i{W)).v4e')^0, 

where "(PF)" denotes application of the projection formula, as it will always do in this article. 
Proposition 13313 gives the uniqueness of e. D 

5. MULTIPLICATIVITY OF [Z]^ FOR GENERAL MUKAI FLOPS 

The aim of this section is to prove in a more explicit way that for a general Mukai flop the map 
[Z]^, is multiplicative (see Proposition I5.6p . In the first part of this section, we will briefly recall 
the construction of a Mukai flop in order to flx the notation. After further preparation, we will 
present the alternative proof of Proposition 15.61 in Section 15.31 

5.1. Mukai flops: Notation and basic facts. In this subsection we outline the construction 
of a Mukai flop (as introduced in |Muk84) ) in order to flx notation for the rest of the article. 
Furthermore we recall some standard facts for future reference. 

Let X be an irreducible symplectic variety and a a non-degenerated two-form generating 
H'~'{X,il^). Let P C X be a nonsingular closed subvariety of codimension r, which is a P''- 
bundle, i.e. P^¥{F) — > S for some nonsingular complex projective variety S and a vector 
bundle F of rank r -I- 1 on S*. 

Define X as the blow-up of X along P. Let E denote its exceptional divisor. Set furthermore 
P' :=P(F^). 

Since in this situation flpig ^ Np\x, there is an isomorphism between E and ¥{flpig) which 
on the other hand is isomorphic to the incidence variety W :— {(/, A)| ? G A} C P(F) x^ P(i^^). 
Clearly: 

Lemma 5.1. 

(1) Via the isomorphism P{D,pfp\\g) ^W , the bundle Op(Qp ,)(1) corresponds to 

Pi-P (Op(j.)(l)) (g)prj„ (Op(Fv)(l)). 

(2) The normal bundle N^.^ corresponds to prj, (Op(p-)(— 1)) ® prp, (Op^pv\{—l)) via E = W. 

Since the situation is symmetric in P and P' one can apply |Art70[ Corollary 6.11] to see that 
a blow-down of X along P{Hp(^pv-j^g) — > P' exists in the category of algebraic spaces. 

Definition 5.2. If X' is once again a projective variety, X ^ X —;■ X' is called a general Mukai 
flop or just Mukai flop. In the special case where P = P", the triple X <— X ^ X' is called 
elementary Mukai flop. 

In this situation X' is automatically nonsingular (cf. |Nak71| and [FN72J). Furthermore, X' 
is again an irreducible symplectic variety and has a unique symplectic structure, which coincides 
with a outside P' . 

Remark 5.3. If dim(X) = 4, elementary Mukai flops play a particularly important role: Any bi- 
rational transform between four-dimensional irreducible symplectic varieties is a flnite composition 
of elementary Mukai flops. This is a consequence of |Wie021 Theorem 2]. 
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Throughout the rest of the article denote the natural maps as in the following diagram: 

E 




Definition 5.4. Fix the following notations: 

/^:=ci(Op(f)(l)) 
/:=ci(Op(fv)(l)) 
H ■.^r^*{h) 



eCH(P) ( = CH(P(i^))), 
eCH(P') ( = CH(P(i^ ''))), 
e CR{E), 
G CR{E). 



Since the Chow ring CH(P) of the projective bundle P — >S turns via tt* into a free CH(5)- 
module with basis 1, h, ..., h^, we can define: 



Definition 5.5. Let a e CH(X) and consider i*{a) € CH(F). For fc = 0,1,. 
CH(S') as the unique elements such that 



, r define cr^ G 



i*{a) 



k=Q 



^*K)h'' 



For a general Mukai flop the families as in Proposition 12.21 can be chosen such that 
(5.1) Z = ± U PxsP'. 

This follows from the proof of |Huy97[ Theorem 3.4]. From now on we will work with this Z. 
We can now state the following proposition, which is part of the statement of Theorem 12.61 

Proposition 5.6. Let X ■(^ X ^ X' be a general Mukai flop. Then the map [Z]» : CH(X) — > 
CH(X') (as in DeRnition \2.5\} is multiplicative. 

Proving this by explicit computations will take up the rest of this section. 

Remark 5.7. In |Bea07[ Lemma 2.7] Beauville considers an elementary Mukai flop X ^ X — > X', 
where P=SP^ He states that for a e CH^X) the equality ([X]*(a))'^^^ = [X]4a''+i) holds. 
Generalizing this lemma finally led to Proposition IS .61 and later to Theorem l2.6l Note, that already 
for elementary Mukai fiops Proposition 15.61 is a significant generalization of Beauville's Lemma. 



5.2. Basic calculations. With the notation of Section 1531 we will now give some lemmas which 
are used in the later calculations. 

Lemma 5.8. The first Chern classes o/0p(s7^ )(1) and N^,y^ may be expressed in the following 
way: 

ci{^E\id = -H-L and ci(0p(Op|s)(l)) =i:? + i. 

By symmetry also ci (Op(Op,|s) (1)) = H + L . 

Proof. This is a direct corollary from Lcmma l5.1l D 

Corollary 5.9. The class H coincides with the first Chern class of the relative 0(1) on E, with 
respect to the bundle structure E = f'{p,pi\g (g) Op(pv-)(l)). D 

As a consequence, H fulfils the following Chern class identity: 



(5.2) 



En 



I C'p^jiy 



n 



P'\S 



® Oi 



;Fv)i 



(l))).iJ"^0. 
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Lemma 5.10. The following identities in CH(P') hold: 

{0 for fc < r - 2 

Ix' for fc = r - 1 

1-t:'*Ci{F) ioTk = r. 

Proof. By Lemma F5. 81 one obtains H = ci(Op(o^, )(1)) — L. The statement for fc < r — 2 and 
fc = r — 1 then follow directly from Lemma l¥^ For the case k — r apply Lemma HTTI additionally, 
in order to determine ci(J7p/|5). D 

Let us now prove the following more explicit form of [Z]^ (for general Mukai flops): 
Lemma 5.11. For all a G CH(X), the map [Z], is given by the following formula: 

[Z],(a)=^:^*(a) +*>'*«), 
where '^l.^QTr*{(^k)^'' ~ **'^ '^■^ *^ Definition \5.5[ 
Proof. Consider the two natural commutative diagrams: 




PxcP' 



and 




P ^-^ X 



X' ^-^ P'. 



tsTl , 



(5.3) = (p'^{ip*a) + i'^pTp,^{pr*pi*a). 

The diagram 

PxsP' 



prp 



prp, 



P 



P' 



s 

is a fibre product by definition. Furthermore n and tt' are both fiat and proper. Given this 
situation, [ Ful84, Proposition 1.7] states that prp/^prp — 7r'*7r*. 
Since furthermore by Lemma [ 



(5.4) 



TT^h" = 



Is if fc = 



if fc < r 
(recall that in our setting rk(F) = r + 1), one obtains: 

r r 

(5.5) prp,,(pr^ra)=7r'*7r,z*a'^^^'*^47rV^/i'=)^^^^7r'*(fT^7r*/i^) = 7r'*((T^). 



k=0 



fe=0 



Inserting this equality into (j5.3p yields 

[Z],(a) ^ 
which concludes the proof. 



[ZUa) ^ v:iv*a)+i:prp,^ipr*pi*a) = ^:^*a + »>'*«) , 



D 
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At last, deduce from the self-intersection formula ( |Ful84[ p. 103]) that for any regular embedding 
i : P ^^ X of codimension r between complex varieties and for any a,/3 E CH(P) the following 
formula holds: 

(5.6) t,{a).i,{(3) = z*(a./3.c,(iVp|x)). 

5.3. Proof of Proposition [5761 (explicit version). Note that [Z], is additive and [Z]»(lx) = 
Ix'- Since furthermore [Z] g CH "" {X x X'), the map [Z]» respects the grading. It is hence 
enough to show multiplicativity of [Z]^ . 

The proof relies on the explicit description of the Chow rings of projective bundles. We will 
show that the deviation from multiplicativity of [Z]^ is of the form ^'^(7). One such element 7 can 
then be determined by calculations in the Chow rings of P, E, and P' and turns out to be zero. 

Preparation. For a G CH(X) set: 

and 

Ea := j*'P*{a) = r]*i*{a) . 

With this definition ip'JAa,) = {if',ip'*)ip',ip* {a) - if'^ip*{a)^^ip',ip*{a) - ip',ip*{a) = 0. There- 
fore, Lemma 14.71 yields a unique element 

5a e CR{E), with j,((5„) = A„ and jy^^a) = 0. 

We now start to study the map [Z], . 

Let a, /3 e CH(X). By Lemma [5. Ill we know: 

[ZU-[ZUP = (^t^*(a) +*:(V*<)).(v''*¥'*(/3) +*',(^'V0) 

= ^:^*(a).¥.:V'*(/3) +¥''*¥'*(«)■»'* (tt'V,^) -t-z:(^'*0.^:^*(/3) -I- zt(7r'*<).zt(7r'V,^) . 

" V ' " v ' " V ' 

Using the definition of A^ and A^, one obtains furthermore: 

^:^*(a).^>*(/3)™l^t^'*(^>*(a).¥.:^*(/3))=^:((^*(a) + A„)(^*(/3) + A^)) 

'• V ' " v ' " V ' 

(I) (II) (III) 

Together, this yields: 

[Z],a.[Z],(3 = ip',ip*ia).ip:^*i/3) + (*) + (**) + (***) 

= (/3',(/3*(a.^) + (I) + (II) + (III) + (*) + (**) + (***) . 

On the other hand, [Z]*(a./?) is (by Lemma r5.1ip known to be: 

[ZUa.p) = ^:^*(a./3) -Hi>'*(C^). 

In order to prove multiplicativity of [Z]^ it is hence enough to show that: 

(5.7) (I) + (II) + (III) + (*) + (**) + {***) = i'y*{a^-^). 
This will be shown by explicit calculations. 
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First expression for (I) + (II) + (III). Rewrite (I), (II), and (III) to see that they he in the push 
forwardof CH(P')- 

(I) = v''*(A„.^*(/3))=^:(j,(<5„).^*(/3))''L^V,J*(^c.jV(/3)) 



(5.8) mW.{s^.{T.^'*n'*a^.H^)) <^="^ ^:{Y^n'*af.ri{6^.W)). 

1=0 i=0 

Switching the roles of a and (3, one obtains: (II) — '^'^j^,[Ea.5p). 
(Ill) = ^:{^o,.^p) = v:({v'*^:v*{a)~v*{a))M5p)) 



=0 

Hence one obtains: 



EH ./ 



(5.9) (I) + (II) + (III) = (I)Wz:(^7r'Vf.r;:(5„.i?^)) 



i=0 



Note that this expression consist of terms of the form z^^.Ty^J^.i?*)), with ^ G CII(P') . 

Expression for i'AS,-ri'^{5a-H^)) independent of 6a- Fix a class ^ G CH(P') and < j < r. The 
expression (^'^(AQ,.j*(?7'*^.-ff^)) can be rewritten in two different ways. 
On the one hand: 



ip',{/\aMi*tH')) = ^:((^'V:^*(a) - ip*{a))Mv'*tH=)] 

=0 Vj<r-2 

On the other hand using (15.61) and Lemma \U^ yields: 

ip:{AaMv'*CHn) = MMSa)Mv'*^-Hn) =^:[^.V:{Sa■HA-H - L))). 
Together this shows: 
(5.10) t:(tvUSc..HAH + L)))^i:{tv:{Ea.H^)), V < j < r - 2. 

Furthermore, for j = r — 1 the above equality becomes (using r]'^{H^^^) = Ip'): 

(5.11) ^:^*{a).i:^^t:{^.rj:{Ea.H'-'))~i:[^.v:{Sa.H^-\H+L))). 

By means of (|5.10p we now prove: 
Claim 5.12. For all < j < r ~ 1 and for all ^ G CH(P') the following equation holds: 

j-i 

i=0 
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Proof of claim. In the case j = 0, it is enough to recall that ri'^{6a) = by the choice of Sa- The 
full statement then follows inductively from the equation 



which holds for < j < r — 2. ^(Ciaim) 

First expressions for (*), (**) and (***). We now rewrite the terms (*), (**) and (***). The new 
forms will show that they are in the image of i'^ : CH(P') —!■ CH(X'). 
Use (|5T1|) and Claim [5?T2l to see: 

E 






i=0 



(5.12) ^ i'(n'*<j^.J2{-'^y-l'-V:{Ea.H''-'-') - 7r'*<j^.vU5^.H^ 



i=0 



Switching a and /3, one obtains the following expression for (**): 

/ r-l 

(5.13) (**) =zU7r'*<^(-l)\r.,7:(i?^.iJ'-^-i)-^'*<.ry:(<50.i/'-; 

^ i=0 

For (***), application of (|5.6p gives: 

(5.14) (***) = z:(7r'*0.z:(7r'V,^) = zt(^'*«.a,^).c,(r!p,|s)). 

Notation: Tij. Apply the fact that via tt* the ring CH(P) is a free CH(5')-module generated by 
l,h,h^, ...h^ , to make the following definition: 

Definition 5.13. Let i G Nq. Define tij G CH(S') for j = 0, 1, . . . ,r as the unique elements such 
that: 

r 

Furthermore, set t^.j = for all j' ^ {0, 1, . . . , r}. 

Remark 5.14. Note that with this definition Ti.j — 5i,j.ls for all i < r, where Sij is the Kronecker 
delta. 

Remark 5.15. There is a recursive relation between the Tij given by: 

Proof of Remark \5.15l The statement follows by comparing the coefficients in: 

r r r 

/l^+l = h.h' = ^^*(r,.,)./l^ + l - ^^*(t,,,_i)./i-'' -J2^*{n,r Cr+l-j{F)) h' . 
3=0 J = l 3=0 

n (Remark) 
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Final expression for i'^ (vr'* (cr"'^)) • With this notation, we can express the right hand side of (|5.7p 
more exphcitly: 

^^^'*«■^))^P^>'*(^,(^*(a./3)))=^>'*^,((^^*K)./^'=)(^^*(aJ')./.^■) 

fc=0 j=0 

(5.15) = Cvr'*(EE<^' E n+,,^Mhn) ^ iW*{J2J2''>^-^''+^^^ 

k=Q i=0 m=0 fc=0 j=o 

In the sequel, we study the summands on the left hand side of (|5.7p . 

Final expression for (I) + (II) + (III) + (*). From (|5.12p together with (|5.9p one obtains: 
(I) + (II) + (III) + (*) 

(r \ / r-1 N 

Y,n'*a'l7^:{5^.W) +*: U'V,^^(-l)\f.77:(i?„.iJ'^-^-i)-7r'V^77:(5„.iJ'-) 
j=o y V i=o / 

(r — 1 r — 1 

3=0 4=0 

/r—1 j— 1 r—1 

yj=o 4=0 4=0 

= < ( E '^"'^f E ("l)^^^'7:(i?a•i?^-^-') 

\j=0 4=0 

(5.16) 

r r j — 1 

k=0 j=0 4=0 



m. 



The following claim computes the sum appearing in the last line: 
Claim 5.16. For all j, fc G Nq the following equation holds: 
i-i 

Y, {-iyrv',iH^+^-'-^) = n'*iTk+j,r) + {-iy-'p.TT'*in,r). 

4=0 

Proof of claim. Using the definition of the t^ j. Lemma 15.101 and Remark 15. 151 one computes: 

4=0 4=0 ?n=0 

4 = 

i-1 

= 2_^ {-^yi-^{'^'*{'''k+]~i,r) + l-T^'*{Tk+]~i-l,r)) 

4 = 

^ 7T'*{Tk+,,r) + i-iy-^P .7T'*{Tk,r). 

This proves the claim. ^(Ciaim) 
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Using this claim, one can simplify (J5.16I) in the following way: 



(I) + (II) + (III) + (*) ^ z: (EE7r'*(a,".af )£ (-i)\r.r;:(ij^+^-— i; 

^ fc=0 j=0 i=0 

^ fe=0 j=0 ^ 

(5.17) ™z'J^^.-(a,"af.r,+,,.) + ^7r'*«.af).(-l)^-ip 



Note that the first part of this term coincides with the expression obtained for il(7r'*((T"'^)) in 

Final expression for (**). Recall that (j5.13p gives: 

(**) = ^: (tt'V," Y1 i^^Y-l'-vUE^-H'^-'-') - 7T'*a?.ri:i5p.H^)\ . 

Let us first rewrite the second summand separately. Note that Claim 15.121 only holds for iJ" with 
n < r — \. In order to reduce to this case, apply the Chern class identity (|5.2p . To shorten 
notation, set i :— O^t^pt-^iX). With this definition ci(^) — I. Then combining Claim [5T2] and (|5.2p 
one obtains: 

^ ^ ^ n=0 i=0 ^ 

The left summand of (|5.13p corresponds to the {n ~ r)- part of this sum. Hence: 
(**) = t'j7T'*a^ J2 cr-n{np,is ® ^) E {-lY -l' -v'AEfs -H^-''') 



i=0 



= il 






E TT^^.^f ) E Cr-„(«P'|S ® ^) E i-^Y-l'-V'AH^^'-''-'] 
j=0 n=0 i=0 



"^^l ( E ^"(^•'^J*) E Cr-n(^P'|5 ® ^).^'*(r„+„ ,) 



j=0 11=0 



= --Ti{j) 






We need to develop more explicit expressions for Ti(j) and T2. 
Claim 5.17. For all j = 0,1, .. . ,r the identity 

Ti(j) = i-iyp 

holds. 
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Proof of claim. In fact, we will prove a slightly more general statement. We prove that for any 
j, q e {0, 1, . . . ,r} the following equality holds: 

r q 

(5.18) ri(j, r -q) :- ^c,-„(0p-|5 ®^)V*(t„+,-,_,) = (-1)-''f( ^ (-irr.7r'*(c,_™(F) 

n— m— 

Note that Ti(j, r) = Ti{j). Therefore, the statement of the claim fohows from f|5.18p by setting 
q = 0. 

We prove (j5.18p by induction on j. For j — and one simply observes: 

n— rn— 

For every j < r — 1: 

T,{j + l,r- q)^^T,{j,r- {q + 1)) - n'* {c,+^{F)) .T,{j,r). 
Then application of the induction hypothesis concludes the proof. ^(Ciaiin) 

Now determine T2: 



^2 = 5] (-ir-ir.c,_„(f7p,|s ® ^)'^^ (-1)"-^^ ^ (-irr.7r'*(c,_„_™(i^)) 

n— n— m— 

r 

Using the expressions for Ti{j) and T2, one obtains: 

(5.19) +7T'*{a^.a^). ^ (-l)'"'-'(™' + l).K.V*(c,_,„,(^))) • 

Final expression for (***). Recall that by (I5.14p 

(***) = j^^-«.af).c,(f7p,|5)). 
Lemma 14.11 implies: 



Cr{^P'\s)= E {-ir'{rn' + l).7T'*{cr-ra'{F)).r'. 
m'=0 

Hence {***) can be expressed as: 
(5.20) (***) = *t('v*«.a,^). E (-l)™'(™' + l)V*(c,_„,,(i^)) ./"'). 

Conclusion of the proof. Now combine the calculations of (I) + (II) + (III) + {*), {**), and {***) 
given in (|5.17p . (|5.19p . and (|5.20p respectively, to obtain: 

(I)+(II) + (III) + (*) + (**) + (***) = ^:(j2j2n'*{a^cT^.n+,,r)) ^ ^:{n'*{a'^■P)). 

^ fe=0 1=0 ^ 



■ fe=0 3 = 

By (15. 7p , this concludes the (alternative) proof of Proposition 15.61 
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6. Link to derived categories and Grothendieck groups 

This section relates Theorem 12.61 with a result of Namikawa on derived categories ( |Nam03[ 
Theorem 5.1]). Finally, we discuss the consequence of Theorem 12.61 on the level of Grothendieck 
groups. 

Denote by D (X) :— D (Coh(X)) the bounded derived category of an algebraic variety X. For 
the notation and basic results on derived categories we refer to |Huy06| . 

Consider a general Mukai flop X ^ X -^ X'. Denote by iz the natural inclusion of Z into 
X X X' and by q and q' the projections from X x X' to X and X' respectively. 

In |Nam03| Namikawa studies the functor $0^ := ^W ° i-z)* ° Liq o i-z)* ■ B^{X) -^ D''(X'), 
which coincides with the Fourier-Mukai transform with kernel Oz, and proves the following result: 

Theorem 6.1 ( |Nam03[ Theorem 5.1]). For a general Mukai flop X <—X—>- X' , the functor <i>Oz 
is an equivalence of triangulated categories. 

For arbitrary birational irreducible symplectic varieties X and X' satisfying (f), the natural 

maps D {X) — >K{X)-^ CHq(X) (where v associates to a coherent sheaf its Mukai vector v{F) :— 
ch{F).y/td{X) G CHq(X)) give rise to the following commutative diagram: 

I)\X) '^"^ ) B^X') 
[] [] 

(6-1) K{X) '^'°^' > KiX') 



$: 



CH 



CHq(X) —^ CHq(X'). 

Note that Theorem 16.11 implies bijectivity of the map $^(^ ) in the case of general Mukai flops. 
The central result of this section is: 

Proposition 6.2. Let X and X' be birational irreducible symplectic varieties satisfying (|). Then 
the classes v{Oz) and [Z] £ CHq(X x X') coincide. Consequently, the associated correspondences 
^v(h ) ~ \^\* '^^^ equal. In particular, $S^ •, is multiplicative. 

Proof. Let ^ and ^' be families as in Proposition 12.21 Consider the following two cycles in 
CHq(S'xt^'): 

(1) The cycle a := [F], and 

(2) the cycle /3 := chiO^) ■ ^/td{T^77^^ ■ 

As a consequence of ProDOsition l2.2[ the restriction of a to the special fibre is so{a) — \Z\. On 
the other hand, compute: 

so(/3) = so(ch(Or).^td(r<rx^,r'|T)) = ch(Or|^-J.^td(r^x,^,|T|^J 

= ch(Oz)Vtd(rxxX') = v{Oz). 

Therefore, applying the specialization map of Section 12. 3[ it is enough to show that the restric- 
tions to the general fibre, a,, :— r'^(a) and /3^ := TriiP), coincide. 

Consider the graph F of the isomorphism ,^ = <^', which is the restriction of ^t\{o} — '^T\io\' 
Then a^ = r^([F]) = [F^] = [F]. Furthermore, one computes: 



/3, = r,(ch(Or)Ytd(rrx.,r'|T)) - ch{Or)..Jtd(T^^ZZ^^)- 
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Let ir '■ T -^ S^^i Xk{ri) ■^r? denote the natural inclusion. Applying the Grothendieck-Riemann- 
Roch theorem (GRR) (see |Ful841 Theorem 15.2]) one then observes: 

/3^ = ch(^^,0^)■td(^y^x,(,).r^|fc(r,))■ ^— — 

^^^""^ ^^.(ch(0^).td(^^|,(,)). ^ ) 

^^ y'ir td(pr*^^Tarjfc(^)©pr^^,T<r^|fe(^))^ 

= ir,(lr) = [r] 
= a,,. 
This concludes the proof. D 

Since the Chern character ch : K{X) (E)Q ^ CHq(X) is an isomorphism of rings (see [M anGQl 
Theorem 11.6]), one can conclude from (|6.ip . Corollarv l3.51 Theorem l2.6l and Proposition l6.2l that: 

Corollary 6.3. On the level of rational Grothendieck rings the map *&^o ■, is an isomorphism 
and in particular multiplicative. D 

Consider a general Mukai flop X <— X — > X'. Combining Theorem 16.11 with Balmer's result in 
[Bal02| shows that the Fourier-Mukai transform $0^ is not compatible with the derived tensor 
product. Therefore, even in this special case, there is a priori no reason on the level of derived 
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